In this paper, we study energies and g-factors for a large number of levels of Th I. We found that the accuracy of CI-MBPT can be substantially improved by using multiple adjustment parameters, which are introduced to regulate the second-order MBPT corrections for single valence energies and Coulomb interaction. The results for energies and g-factors are in excellent agreement with experiment, with accuracy sufficient to positively assign theoretical states of given angular momentum and parity to experimental levels. This theory will be further developed in the future to treat other, even more complicated actinides such as U I.
I. INTRODUCTION
Many applications require data on energy levels, transition probabilities, lifetimes, and oscillator strengths of complex actinide atoms, which are currently lacking. Theory can be used to supply missing data; however, the existing theories are unable to saturate large valence configuration space and include strong valence-core interactions and relativistic effects, so their accuracy is limited in most actinide atoms and low-charge ions. For developing theory it is very important to test it in a well characterized actinide atom, such as Th I, which has a large number of energy levels available with assigned J, parity, and dominant configurations and with experimentally measured g-factors. With only four valence electrons, Th I is also an atom of moderate complexity for which calculations can be performed in a reasonable time. Apart from the needs of testing theory, the Th I spectrum is of certain interest owing to the possibility of development of a nuclear clock [1] and its conventional use as the standard for high-resolution spectroscopy [2] .
Previously, an ab initio configuration-interaction many-body perturbation theory (CI+MBPT) method, which can achieve high precision in multi-valence atoms, was applied to calculations of energy levels for many lowlying levels of Si I, which has four valence electrons as Th I, but with simpler core, and good agreement was observed [3] . In addition to Si I [3] , energy calculations with the CI+MBPT method were performed for other 4v atoms such as C [4] and Ge, Sn, Pb [5] . However according to our preliminary calculations, the ab initio CI-MBPT approach appears to have much lower accuracy in Th I, insufficient for obtaining energy levels in correct order which creates difficulties in identification and further applications of the theory. The main reason for this is limited treatment of strong valence-core interactions only in the second order and relativistic effects particularly strong in heavy atoms. When valence core interaction is treated in all orders and relativistic effects are included more consistently, as in configurationinteraction (CI)-all order calculations [6] , the accuracy is significantly improved. Although for Th I the CI-allorder approach is quite appropriate, it requires large computational resources and is quite slow, while its accuracy needs yet to be demonstrated for more complex actinides. Also the CI-all-order calculations in Th I were limited to a small subset of low-lying energy levels.
However, as we will show here, it is possible to significantly improve CI-MBPT theory accuracy by using nine adjustable parameters: accuracy about 200 cm
can be achieved when 16 levels of the same total angular momentum J are fitted. This accuracy is sufficient for straightforward identification for many lowest levels. In addition, it is possible to use the same fitting parameters for a given subset of levels of specific J and parity to reproduce much larger number of levels, without additional fitting. This way the theory has predictive power for energy levels and can be used to check if there are some missing experimental levels. In this work we focused on fitting Th I 16 levels for each J (even states) for the purpose of demonstrating the method. The theory can be applied to other atomic and ionic systems. Landé g-factors, after the parameters are optimized by fitting the energy levels, are also quite accurately predicted, in fact with similar accuracy as the CI-all-order method [6] . This is significant since the g-factors when accurately calculated help to remove ambiguity in the identification and indicate correctness of mixing of configurations of different types.
Parametric fit methods have a long history of applications. It started with a work by Giulio Racah in Physica (16, 1950, 651) on a parametric fit for spectrum of Th III.
While the optimization might appear as a simple standard numerical task, it is not in the case of nine fitting parameters used in CI-MBPT. First of all, the CI-MBPT calculations even for Th I take quite a long time and in order to find a minimum it is necessary to repeat calculations 100 times with different parameters. It is still an open question what is the best algorithm and whether the absolute minimum is reached, but here we at least found one practical algorithm described below that allows to obtain about 200 cm −1 accuracy. Once the parameters have been optimized, various properties, such as g-factors, can be calculated. The question can be asked whether the accuracy of wavefunc-tions of a large-scale ab initio theory is improved by introducing multiple fitting parameters. Usually ab initio approaches are highly desirable, because their high accuracy for energies leads to high accuracy for other properties, such as for example oscillator strengths; however, owing to poor convergence of MBPT and requirement of very high accuracy of level splittings to have correct mixing coefficients, the utility of pure ab initio theory can be limited. In particular, higher energy levels are extremely sensitive to small corrections and it is impractical to achieve sufficient accuracy by using very large basis sets and high-order MBPT corrections. One specific observable is the g-factor, which is sensitive to the mixing coefficients of different types of configurations. Thus by testing theoretical predictions for g-factors, it is possible to evaluate the performance of the theory when fitting is used for energies only. Of course it is further possible to improve the accuracy of g-factors as well by including them into the fitting procedure; however, then they cannot be used to test the theory. In this work we focus on fitting 9 parameters to minimize the deviations of energies for 16 levels and then we test the energies and g-factors.
II. METHOD
To calculate Th I energies a CI+MBPT method developed for open shell atoms with multiple valence electrons is used (see for example [5] ). The theory can be summarized as follows. The effective CI+MBPT Hamiltonian for Th I is split into two parts:
The one-electron contribution
in addition to the V N −4 Dirac-Hartree-Fock (DHF) potential contains the valence electron self-energy correction, Σ 1 [7] . In the current CI+MBPT program, the self-energy correction is calculated with the second-order MBPT. The term Σ 1 is regulated with seven scaling factors each for a specific one-electron relativistic angular momentum number:
These factors not only take into account some omitted high-order MBPT corrections, but also relativistic effects such as single-particle Breit terms. The two-electron Hamiltonian is
where Σ 2 is the term accounting for Coulomb interaction screening arising from the presence of the core [8] . In the CI-MBPT program used, the screening is also calculated in the second order. For fitting the two additional scaling factors are introduced for zero and first-order multipolarity of the Coulomb interaction. Further details on the CI+MBPT approach can be found in Ref. [9] . In terms of specific numerical steps, first, the DHF V N −4 potential for the closed-shell Th V ion is calculated. Second, the basis in the frozen V N −4 potential is calculated with the help of a B-spline subroutine for the ion in a cavity of radius R. The basis is then used to evaluate the CI+MBPT terms in Eq. 1. Finally, the eigenvalue problem is solved for the effective Hamiltonian matrix. The program can generate a set of configurations by single-, double-, etc. excitations of the input configurations limited by a given maximum angular momentum l max and N max . In case of Th I, the number of states grows very fast, so the reference states are carefully chosen from which only very limited number of excitations is allowed. For uniform treatment of all J states, the same reference states and excitation protocol are used. The effective Hamiltonian matrix generation is repeated multiple times for different scaling factors (9 total) and optimization procedure described below is used until some level of convergence is reached.
III. CI+MBPT TH I ENERGY CALCULATIONS
In order to rigorously test the accuracy of CI+MBPT method and the convergence patterns for the fitting parameters, we made extensive calculations of a large number of energy levels. Sixteen states were chosen for the fitting procedure for nine parameters for J ranging from 1 to 6. We excluded fitting for J = 7 because 16 levels for J=7 would lead to very high energies. Instead we used parameters obtained by fitting J=6 levels to obtain J=7 levels and compared the resulting energies with experiment. We found excellent agreement, which is an indication of predictive power of the method for energy levels. In addition, in case of J=6 we used the theory with nine fitted parameters for 16 J=6 levels to produce higher levels not included into the fitting and found that many experimental levels seem to be missing.
A. Choice of configurations
Because using a large basis set that can saturate the valence-valence CI is of high computational cost for Th I, we tried to find a most efficient small subset of configurations that can account for most important CI effects. In case of V N −4 basis calculations adopted in this paper, the radial wavefunctions of single-electron states, unlike MCHF calculations where radial wavefunctions can be optimized, deviate significantly from the physical one, so it is necessary to include configurations that would correct radial functions of zero order. To include a large number of radial states is quite impractical for 4v systems, so instead, the configurations were limited by inclusion only of the next state in the radial quan-tum number n: 7s, 8s, 5f, 6f, 6d, 7d. By inspecting the configuration weights, we observed that higher n states have very small weights and hence, at the accuracy aimed here, can be neglected especially since their effect can be partially taken into account by adjusting fitting parameters. Thus for Th I, we started with basic configurations such as 6d 2 7s 2 , 6d 3 7s, 5f 7s 2 7p, 6d 4 , 5f 6d7s7p, and included lowest single excitations: 6d 2 7s8s, 6d7d7s 2 , 6d 3 8s, 6d 2 7d8s, 5f 7s 2 8p, 5f 7s8s7p, 6f 7s 2 7p, 6d 3 7d, 5f 6d7s8p,5f 6d8s7p,5f 7d7s7p,6f 6d7s7p. Single and double excitations from these listed non-relativistic configurations were also allowed to 8s, 8p, 7d, 6f.
B. Fitting parameters
The initial values of fitting parameters were found for
2 )] by minimizing deviations between experimental and theoretical Th IV energies (Table I ). In case of s as well as p states, the optimization for the n = 7 states (difference between the ground 5f 5/2 and 7s or 7p energies) did not result in small deviation for the n = 8 states. Thus although the single-valence energies calculated in V N −4 potential might be the same in Th I, II, III and IV, there are different mixtures of n = 7 and n = 8 single-valence orbitals, when those are included in CI expansion, resulting in variations of the optimal k 1 ,k 2 ,...,k 7 parameters, so further optimization is needed for each specific ion, J, parity, and the range of energy levels. Similar variation is expected for the parameters k 8 and k 9 , respectively the monopole and dipole Coulomb screening terms Σ 2 (L = 0) and Σ 2 (L = 1). The initial approximation for these parameters was found by optimizing theoretical energies for Th II with the other seven parameters fixed. The resulting set of parameters: 0.6330, 0.6330, 0.5820, 0.7860, 0.8010, 0.9170, 0.9250, 1.2188, 0.6978 was used as an initial guess for minimization of deviations with experiment for J=6 even states of Th I with the following algorithm:
1) a minimum was determined for the first parameter; 2) its value was substituted and the minimum was determined for the second parameter;
3) the procedure was repeated until all nine parameters were optimized in sequence; 4) their values were substituted and the steps 1-3 were repeated until the changes in the energy deviations became small.
After the optimization had been completed for J=6 states, the optimal parameters were used as an initial guess for the J = 5 optimization. The procedure was repeated in sequence for J = 4, 3, 2, 1. The optimization steps 1-4 required many iterations. The sets of optimal parameters for J-specific level systems are shown in Table II. The residual deviation in the fit is listed in the last raw of the table, which for J = 6 case is quite small, 159 cm −1 . One important observation is that the parameters significantly deviate from 1, meaning large corrections to second-order MBPT. The other interesting feature is that the parameters significantly vary for different J. Still the variation in each parameter value is smaller than deviation from unity in most cases. Although it is possible to run optimization without limitations on the value of parameters, it is important to restrict them by some values to avoid unrealistic MBPT corrections. Specifically, we restricted parameters to positive values and tried to keep them close to the initial guess. However, in some cases, the changes were quite large due to relatively small effect of the specific parameters on the energies. In order to understand how the accuracy depends on the deviation of parameters from expected realistic values, the results for two much different sets that led to similar deviations of theoretical energies and g-values from experiment and to similar leading configuration percentages are compared (Table III ). This appears to indicate that even unrealistic fit parameters can still lead to reasonable wavefunctions. However, in case of more physical parameters some smooth behaviour between different J states can be observed so they can be used to calculate energies for different J than used in the fitting. Because fitting J=6 even states resulted in the best agreement with experiment, we have studied this case in more detail (Table IV) . One particular expectation is that if the energies are quite close to the experimental values, then other atomic observables such as g factors will also have good accuracy. This expectation is based on the fact that correct intervals between interacting configurations lead to relatively accurate mixing coefficients of these configurations. The mixing coefficients also strongly influence the matrix elements and other properties. Indeed for many states we find that g factors are in very close agreement with experiment. Apart from being the theory accuracy test parameter, g factors provide an aid in assignment of theoretical levels. Remarkably, the first level has only 0.2% deviation and many other agree at about 0.5% level. Because of such good agreement for energies and g factors, there is some confidence that the levels higher than used in the fitting procedure should have a good accuracy. While unfortunately many levels are missing, the 17th has a good agreement, while some levels like 23rd, 26th can be tentatively assigned to the experimental values by their small deviation and matching g factor. Of course missing levels introduce relatively large uncertainty in the identification, and further work would be needed to experimentally observe them.
D. CI-MBPT energies for J=1-5 and J=7 even states
The results of CI-MBPT calculations for J=1-5 and J=7 even states using fitted parameters from Table II are presented in Table V . The energies of the experimental and theoretical states are aligned for each J with the systematic average shift removed. The reason for doing this is that the optimization was done separately for each J and the interaction between states of the same symmetry, J, is what affects the mixing coefficients and hence correctness of wavefunctions. Thus relative distances between different J are of less importance than distances between states of the same J. In principles, it is possible to adjust the nine parameters to improve agreement between experiment and theory for the distances between different J states, but then the accuracy within one specific J would be compromised. Still in one case J=7 we align states for J=6, so we can see the prediction of theory when the 9 parameters were optimized for J=6 states, while it is applied to J=7 states. As we can see, the theory still reproduces energies and g factors quite accurately. Furthermore, the theory in similar way can be applied to predict J=8 and J=9 states, most of which are not yet discovered experimentally. For example, the first J=8 state has energy 34559 cm −1 and g factor 1.245, which agree with theoretical prediction, 33706 cm −1 and 1.2499, while other experimental levels which theory predicts (40623, 41392, etc.) with g factors 1.1958, 1.1990, etc. are not given in [10] . Theory also predicts energies unobserved J=9 states: 43117, 47995 cm −1 . Thus apart from making identifications with existing experimental data, theory can also predict new levels. The accuracy depends on how similar those states are to the states which were used in fitting. This similarity includes energy value, J, and configurations. We found that CI-MBPT energies and g factors agree not only with experiment but with a precision ab initio CI-All-order theory [6] . One important theoretical question is to understand the importance of configuration mixing effects: essentially, would it be better to have ab initio theory which has some relatively large deviations from experiment or would it be the accuracy improved for some class of problems with the aid of fitting parameters? While various properties are important, the identification of levels is a crucial starting step of theoretical applications. By reducing theoretical error for energies with fitting, the identification becomes much easier. Also we find that g factors are in good agreement too and they are valuable aid in the identification.
One significant drawback of fitting with many parameters is that the calculations have to be repeated many times to follow minimization algorithm. In case of 9 parameters, the parametric space is huge, so it is just impossible to implement systematic search with a uniform grid. It is also difficult if not impossible to find an absolute minimum and show that it is indeed the lowest minimum among multiple possible local minima. As we already mentioned before, the calculations have to be repeated 100 times to find some local minimum using the algorithm discussed here. This leads to the need to reduce configurational space and hence precision of treatment of valence-valence interactions. On the other hand, once the optimized parameters are found, the other atomic properties can be calculated very fast.
In the future, work needs to be done to find most efficient algorithms for optimization of parameters. Also the mathematical properties of the energy dependence on parameters needs to be better understood. One simple fact is that the parameters that take into account single valence energies, 1-7, shift energies linearly if the interaction mixing is weak. In this case, the minimum can be found easily just from gradients. However, when two levels approach each other and there is strong interaction between leading configurations of these states, then mixing can become quite large and the dependence of energies of states will become non-linear. The configuration mixing will also strongly affect g factors, so in many cases of two strongly interacting states, the sum of g factors might be preserved while each individual g factor can be quite different from its true value. Other properties, such as matrix elements, are also strongly affected by configuration mixing. In this case some correlation might exist between the accuracy of g factors and matrix elements.
In conclusion, the CI+MBPT method with 9 adjustable parameters was used to calculate energy levels and g factors of Th I. A close agreement was found for energy levels which allowed to match theoretical and experimental levels. Excellent agreement was also observed for g factors for many states presented in the tables. Finally, it is expected that in the future the CI-MBPT method with multiple adjustable parameters can be further developed to treat most complex atoms, including lantanides and actinides. Considering limitations of ab initio approaches and high sensitivity of the atomic properties to small corrections, it seems that at some level parametric approach might be the only solution to the problem of obtaining correct actinide properties.
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